Consider the p-dimensional filiform Lie algebra m 2 (p) over a field F of prime characteristic p with nonzero Lie brackets [e 1 , e i ] = e i+1 for 1 < i < p and [e 2 , e i ] = e i+2 for 2 < i < p − 1. We show that there is a family m λ 2 (p) of restricted Lie algebra structures parameterized by elements λ ∈ F p . We explicitly describe bases for the the ordinary and restricted 1-and 2-cohomology spaces, and give formulas for the bracket and [p]-operations in the corresponding restricted one-dimensional central extensions.
Introduction
N-graded Lie algebras of maximal class have been intensively studied in the last decade. A Lie algebra of maximal class is a graded Lie algebra
over a field F, where dim(g 1 ) = dim(g 2 ) = 1, dim(g i ) ≤ 1 for i ≥ 3 and [g 1 , g i ] = g i+1 for i ≥ 1.
A Lie algebra of dimension n is called filiform if
We also call the projective limit filiform type. Lie algebras of maximal class with two generators over fields of characteristic zero have been classified, and exactly three of these algebras are of filiform type [7] . We list them with the nontrivial bracket structures: Filiform N-graded Lie algebras g of dimension n over a field of characteristic zero that satisfy [g 1 , g i ] = g i+1 and dim(g i ) = 1 for i < n (which is equivalent to having 2 generators) are classified in [10] . They include the natural "truncations" of the above three algebras m 0 (n), m 2 (n) and V(n), obtained by taking the quotient by the ideal generated by e n+1 .
The picture is more complicated in positive characteristic, see [1, 2, 9] , but m 0 , m 2 , V and their truncations always show up.
In this paper, we show that if the field F has characteristic p > 0, the Lie algebra m 2 (p) admits a family of restricted Lie algebra structures m λ 2 (p) parameterized by elements λ ∈ F p . We describe the isomorphism classes of these algebras, calculate the ordinary and restricted cohomology H q (m λ 2 (p)) and H q * (m λ 2 (p)) for q = 1, 2 and give explicit bases for those spaces. We also give the bracket structures and [p]-operations for the corresponding restricted one-dimensional central extensions of these restricted Lie algebras.
With this, we complete the description of all three types of truncated filiform restricted Lie algebras, their low dimensional cohomology spaces and restricted one-dimensional central extensions. The algebras m λ 0 (p) were studied in [4] , the algebra V(p) in [5] .
The organization of the paper is as follows. In Section 2 we construct the restricted Lie algebra family m λ 2 (p), determine the isomorphism classes of these restricted Lie algebras, and describe both the ordinary and restricted 1-and 2-cochains, including formulas for all differentials. In Section 3 we calculate both the ordinary and restricted 1-cohomology by giving explicit cocycles. Section 4 contains the calculation of the ordinary and restricted 2-cohomology spaces, again with giving explicit cocycles. In Section 5 we describe all restricted one-dimensional central extensions and give their brackets and [p]-operations.
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Preliminaries
2.1 The Lie Algebra m 2 (p) over F Let p > 0 be a prime, and let F be a field of characteristic p. Define the F-vector space m 2 (p) = span F ({e 1 , . . . , e p }), and define a bracket on m 2 (p) by
with all other brackets [e i , e j ] (for i < j) being 0. Note that m 2 (p) is a graded Lie algebra with k-th graded component (
(1)
The Restricted Lie Algebras m λ 2 (p)
For any j ≥ 2 and g 1 , . . . , g j ∈ m 2 (p), we denote the j-fold bracket
Equation (1) implies that the center of the algebra is Z(m 2 (p)) = Fe p , and pfold brackets are zero so that, precisely as in [4] , for each λ = (λ 1 , ..., λ p ) ∈ F p , setting e
[p] k = λ k e p for each k defines a restricted Lie algebra that we denote by m λ 2 (p). Because p-fold brackets in m λ 2 (p) are zero, for all g, h ∈ m 2 (p), α ∈ F,
.
It follows that if g = α k e k ∈ m λ 2 (p),
Everywhere below, we write m λ 2 (p) to denote both the graded Lie algebra m 2 (p) and the graded restricted Lie algebra m λ 2 (p) for a given λ ∈ F p . The Lie brackets and restricted [p]-operators for these algebras are explicitly given by (1) and (2), respectively. Proof. We only consider isomorphisms that preserve the grading as we are interested in these algebras as graded restricted Lie algebras. Assume that there exists a graded restricted Lie algebra isomorphism ϕ : m λ 2 (p) → m λ ′ 2 (p), and let ϕ(e 1 ) = µe 1 , ϕ(e 2 ) = νe 2 for some µ, ν ∈ F. Since ϕ preserves the Lie bracket, we must have ϕ(e 3 ) = µνe 3 , ϕ(e 4 ) = µ 2 νe 4 , ϕ(e 5 ) = µ 3 νe 5 . On the other hand, as [e 1 , e 4 ] = [e 2 , e 3 ] , we also must have ϕ(e 5 ) = µν 2 e 5 . From this it follows that ν = µ 2 and ϕ(e k ) = µ k e k for k = 3, . . . , p.
Isomorphism Classes
Moreover, ϕ preserves the restricted [p]-structure so that
It remains to show that the above condition on λ k gives rise to a graded restricted Lie algebra isomorphism between m λ 2 (p) and m λ ′ 2 (p). If, for µ ∈ F, we define ϕ(e 1 ) = µe 1 , ϕ(e k ) = µ k e k (2 ≤ k ≤ p), it is easy to check that the argument above is reversible, and we obtain a graded isomorphism between the restricted Lie algebras.
Cochain Complexes with Trivial Coefficients
For the convenience of the reader, and to establish our notations, we briefly recall the definitions of the cochain spaces used below to compute both the ordinary and restricted Lie algebra 1-and 2-cohomology. The reader can find more details on these complexes in [3, 4, 8] .
Ordinary Cochain Complex
For ordinary Lie algebra cohomology with trivial coefficients, the relevant cochain spaces (with bases) for our purposes are:
and the differentials are defined by:
The cochain spaces C n (m λ 2 (p)) are graded:
and the differentials are graded maps. If we adopt the convention that e i,j = 0 whenever j ≤ i, we can write for 1 ≤ k ≤ p:
Using the convention that e i,j,k = 0 unless i < j < k, we can write
Restricted Cochain Complex
The relevant restricted cochain spaces are:
We recall that if ϕ ∈ C 2 (m λ 2 (p)), then a map ω : m λ 2 (p) → F has the * -property with respect to ϕ if for all α ∈ F and all g, h ∈ m λ 2 (p) we have ω(αg) = α p ω(g) and
Here #(g) is the number of factors g i equal to g. Moreover, given ϕ, we can assign the values of ω arbitrarily on a basis for m λ 2 (p) and use (5) to define ω : m λ 2 (p) → F that has the * -property with respect to ϕ (see [4] ). Recall the space of Frobenius homomorphisms Hom Fr (V, W ) from the F-vector space V to the F-vector space W is defined by
has the * -property with respect to 0. We will not make any calculations involving the * * -property in this paper, and we refer the reader to [4] for a definition.
We will use the following bases for the restricted cochains:
whereẽ i,j is the mapẽ i,j : m λ 2 (p) → F that vanishes on the basis and has the * -property with respect to e i,j . More generally, given ϕ ∈ C 2 (m λ 2 (p)), let ϕ : m λ 2 (p) → F be the map that vanishes on the basis for m λ 2 (p) and has the * -property with respect to ϕ. The restricted differentials are defined by
where ind 1 (ψ)(g) := ψ(g [p] ) and ind 2 (ϕ, ω)(g, h) := ϕ(g ∧ h [p] ). If ψ ∈ C 1 * (m λ 2 (p)) and (ϕ, ω) ∈ C 2 * (m λ 2 (p)), then ind 1 (ψ) has the * -property with respect to d 1 (ψ) and ind 2 (ϕ, ω) has the * * -property with respect to d 2 (ϕ) [6] . If g = α i e i , h = β i e i , ψ = µ i e i and ϕ = σ ij e i,j , then
and
Remark 1. For a given ϕ
In particular, with trivial coefficients, ind 2 (ϕ, ω) depends only on ϕ.
3 The Cohomology H 1 (m λ 2 (p)) and H 1 * (m λ 2 (p))
In this short section, we compute both the ordinary and restricted 1-cohomology spaces H 1 (m λ 2 (p)) and H 1 * (m λ 2 (p)), and in particular we show that for p ≥ 3, these spaces are equal. Proof. Easily, the differential (3) has a kernel spanned by {e 1 , e 2 }, and d 0 = 0, so that H 1 (m λ 2 (p)) ∼ = Fe 1 ⊕ Fe 2 . As for any restricted Lie algebra, H 1 * (m λ 2 (p)) consists of those ordinary cohomology classes [ψ] ∈ H 1 (m λ 2 (p)) for which ind 1 (ψ) = 0 [6] . If ψ = p k=1 µ k e k is any ordinary cocycle, then µ p = 0 (p ≥ 3) so that for any g ∈ m λ 2 (p), we have
and hence H 1 * (m λ 2 (p)) = H 1 (m λ 2 (p)). If p = 2, the above calculation of the ordinary cohomology H 1 (m λ 2 (p)) is valid, however the restricted cohomology depends on λ. In particular, if p = 2, and λ = (0, 0), then H 1 * (m λ 2 (2)) = H 1 (m λ 2 (2)), and if λ = (0, 0), then ker d 1 * = {e 1 } and H 1 * (m λ 2 (2)) is one dimensional. 
The set {ϕ 3 , ϕ 4 , . . . , ϕ p } is a basis for the image d 1 (C 1 (m λ 2 (p)). 4 The Cohomology H 2 (m λ 2 (p)) and H 2 * (m λ 2 (p)) Proof. A direct calculation using (4) shows that d 2 k = 0 for k = 3, 4, 5, d 2 6 (σ 1,5 e 1,5 +σ 2,4 e 2,4 ) = (−σ 1,5 +σ 2,4 )e 1,2,3 and d 2 7 (σ 1,6 e 1,6 +σ 2,5 e 2,5 +σ 3,4 e 3,4 ) = (−σ 1,6 + σ 2,5 + σ 3,4 )e 1,2,4 .
Ordinary Cohomology
If k ≥ p + 2 and ϕ = σ i,j e i,j ∈ C 2 k (m λ 2 (p)), then (4) implies that d 2 k (ϕ) will contain the terms k−p≤i<s(k) i+j=k
where s(k) = k/2 − 1 if k is even and s(k) = (k − 1)/2 if k is odd. If, in addition, ϕ is a cocycle, then we have the system of equations
where k − p ≤ i < s(k) and i + j = k. Note that every coefficient σ i,j of ϕ occurs in the system (9) . Now, if k < 2p − 2 is even, then d 2 k (ϕ) contains exactly one term with e 2,k/2−2,k/2 , and hence σ k/2−2,k/2+2 = 0. The system (9) then implies that σ i,j = 0 for all i, j and hence ϕ = 0. Likewise, if k < 2p − 1 is odd, then e 2,(k−1)/2−1,(k−1)/2 occurs once in d 2 k (ϕ) forcing σ (k−1)/2−1,(k−1)/2+2 = 0, and hence ϕ = 0. We can use (4) to directly check that ker(d 2 2p−2 ) = ker(d 2 2p−1 ) = 0 so that ker(d 2 k ) = 0 for k ≥ p + 2. Finally, if 8 ≤ k ≤ p + 1, then d 2 k (ϕ) will also contain the terms
in addition to the term −σ 1,k−1 e 1,2,k−3 . If ϕ is a cocycle, then we have the system of equations
The same argument used for k ≥ p + 2 above shows that the system (10) implies σ i,j = 0 for i ≥ 3. Therefore σ 1,k−1 = σ 2,k−2 and ϕ k = e 1,k−1 + e 2,k−2 spans ker(d 2 k ).
Theorem 4.2. If p = 2, H 2 (m λ 2 (2)) ∼ = C 2 (m λ 2 (2)) = span({e 1,2 }) is 1dimensional.
If p = 3, then dim(H 2 (m λ 2 (3))) = 2 and the cohomology classes of the cocycles {e 1,3 , e 2,3 } form a basis.
If p = 5, then dim(H 2 (m λ 2 (5))) = 3 and the cohomology classes of the cocycles {e 1,4 , e 1,5 + e 2,4 , e 2,5 − e 3,4 } form a basis.
If p > 5, then dim(H 2 (m λ 2 (p))) = 3 and the cohomology classes of the cocycles {e 1,4 , e 1,6 + e 3,4 , e 1,p + e 2,p−1 } form a basis.
Proof. If p = 2, the algebra m λ 2 (2) is abelian so that d 1 = d 2 = 0. If p ≥ 3, Remark 2 shows dim(im d 1 ) = p − 2 and {ϕ 3 , . . . , ϕ p } is a basis for this image. If p = 3, d 2 = 0, so the ordinary cohomology H 2 (m λ 2 (3)) is 2dimensional and has a basis consisting of the classes of the cocyles {e 13 , e 23 }.
If p = 5, then the results of (5)). If p > 5, then Lemma 4.1 gives a basis for ker(d 2 ). We can again replace e 2,3 with ϕ 5 = e 1,4 + e 2,3 in this basis so that, by Remark 2, the classes of {e 1,4 , e 1,6 + e 3,4 , e 1,p + e 2,p−1 } form a basis for H 2 (m λ 2 (p)).
Restricted Cohomology with λ = 0
If λ = 0, then (7) shows that ind 2 = 0 so that every ordinary 2-cocycle ϕ ∈ C 2 (m 0 2 (p)) gives rise to a restricted 2-cocycle (ϕ,φ) ∈ C 2 * (m 0 2 (p)). Moreover, in the case that ϕ = d 1 (ψ) is a 1-coboundary, we can replaceφ with ind 1 (ψ) and (ϕ, ind 1 (ψ)) = (d 1 (ψ), ind 1 (ψ)) = d 1 * (ψ) is a restricted 1-coboundary as well, and d 2 * (ϕ,φ) = d 2 * (ϕ, ind 1 (ψ)) by Remark 1. Finally, d 2 * (0, e k ) = (0, 0) for all 1 ≤ k ≤ p, and the (0, e k ) are clearly linearly independent. Together these remarks prove the following Theorem 4.3. Let λ = 0. If p = 2, then H 2 * (m 0 2 (2)) ∼ = C 2 * (m 0 2 (2)) = span({(0, e 1 ), (0, e 2 ), (e 1,2 ,ẽ 1,2 )}) is 3-dimensional.
If p = 3, then dim(H 2 (m 0 2 (3))) = 5 and the cohomology classes of the cocycles {(0, e 1 ), (0, e 2 ), (0, e 3 ), (e 1,3 ,ẽ 1,3 ), (e 2,3 ,ẽ 2,3 )} form a basis.
If p = 5, then dim(H 2 (m 0 2 (5))) = 8 and the cohomology classes of the cocycles {(0, e 1 ), (0, e 2 ), (0, e 3 ), (0, e 4 ), (0, e 5 ), (e 1,4 ,ẽ 1,4 ), (ϕ 6 ,φ 6 ), (ξ,ξ)} form a basis where ξ = e 2,5 − e 3,4 .
If p > 5, then dim(H 2 * (m 0 2 (p))) = p + 3 and the cohomology classes of {(0, e 1 ), . . . , (0, e p ), (e 1,4 ,ẽ 1,4 ), (η,η), (ϕ p+1 ,φ p+1 )} form a basis where η = e 1,6 + e 3,4 .
Remark 3. If p > 2, the mapsφ k are identically zero for k < p+1 because the (p −1)-fold bracket in (5) always gives a multiple of e p so that ϕ k vanishes on e p ∧ m λ 2 (p) when k < p + 1. This, in turn, implies thatφ k ∈ Hom Fr (m λ 2 (p), F), and sinceφ k (e i ) = 0 for all i, we haveφ k = 0. Likewise,ẽ 1,4 = 0,η = 0, andξ = 0 unless p = 5. The restriction of ϕ p+1 to e p ∧ m λ 2 (p) is equal to e 1,p so thatφ p+1 =ẽ 1,p . If p = 5, the restriction of ξ to e 5 ∧ m λ 2 (5) is equal to e 2,5 soξ =ẽ 2,5 . We can then use (5) to give explicit descriptions forφ p+1 ,ξ (when p = 5) andẽ 2,3 (when p = 3):
If p = 2, the algebra m λ 2 (2) is abelian soẽ 1,2 = 0.
If ϕ = σ ij e i,j and (ϕ, ω) ∈ C 2 * (m λ 2 ), then (7) shows that ind 2 (ϕ, ω)(e j , e i ) = λ i σ jp .
Therefore, if λ = 0, then d 2 * (ϕ, ω) = (d 2 ϕ, ind 2 (ϕ, ω)) = (0, 0) if and only if d 2 ϕ = 0 and σ 1p = σ 2p = · · · = σ p−1p = 0. For p > 2, this proves the following
One-dimensional Central Extensions
One-dimensional central extensions of an ordinary Lie algebra g are parameterized by the cohomology group H 2 (g) [8] , and restricted one-dimensional central extensions of a restricted Lie algebra g are parameterized by the restricted cohomology group H 2 * (g) [6] . If (ϕ, ω) ∈ C 2 * (g) is a restricted 2cocycle, then the corresponding restricted one-dimensional central extension 
where [·, ·] g and · [p]g denote the Lie bracket and [p]-operation in g, respectively [6] . We can use (12) to explicitly describe the restricted one-dimensional central extensions corresponding to the restricted cocycles in Theorems 4.3, 4.4 and 4.5. For the rest of this section, let g = α i e i and h = β i e i denote two arbitrary elements of m λ 2 (p). Let E k = m λ 2 (p) ⊕ Fc denote the one-dimensional restricted central extension of m λ 2 (p) determined by the cohomology class of the restricted cocycle (0, e k ). Then just as with V(p) and m λ 0 (p) (see [5] and [4] ), the (0, e k ) span a p-dimensional subspace of H For restricted cocycles (ϕ,φ) with ϕ = 0, we summarize the corresponding restricted one-dimensional central extensions E (ϕ,φ) in the following tables. Everywhere in the tables, we omit the brackets [g, c] = 0 and [p]-operation c [p] = 0 for brevity.
If λ = 0, there are up to three restricted cocycles (ϕ,φ) with ϕ = 0 for a given prime (Theorem 4.3). We note that if λ = 0, then (2) implies g 
